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Abstract

Based on the axial symmetrical plane strain assumption, given that the rock mass satisfies the Mohr—Coulomb failure criterion and
exhibits strain-softening behavior, this paper represents two categories of theoretical methods for ground reaction analyses in conven-
tional tunnelling excavation. They distinguish from each other according to their treatments for plastic strain: one is the simplified
method in terms of total plastic strain (i.e. does not consider the unloading process of ground), the other is the rigorous method in terms
of incremental plastic strain (i.e. takes the unloading process into account). Although the philosophies of these two categories of theo-
retical methods have been proposed by former researchers, the discrepancy between them has never been noticed and reported. Through
case studies, this paper highlights the discrepancy quantitatively, estimates the maximum error caused by the simplified method, and fur-

ther discusses their applicability.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Estimation of the support required to stabilize a tunnel
opening during excavation, especially in the vicinity of the
tunnel face, is essentially a four-dimensional problem. It
not only concerns with three spatial dimensions but also
another temporal dimension, which corresponds to the
advancing process of the tunnel face (or synonymously
the unloading process of ground). The Convergence con-
finement method (CCM) represents a classic and effective
tool for the support system design in conventional tunnel-
ling, which compromises the complex nature with a general
albeit simplified approach. It consists of three basic compo-
nents: longitudinal deformation profile (LDP), support
characteristic curve (SCC) and ground reaction curve
(GRC). The arrangement and intersection of these three
curves are considered, to account for the complex nature
near the tunnel face compactly and effectively.
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Numerous papers have been contributed to this topic
during its several decades of development, and a compre-
hensive review of CCM has been reported recently by
Carranza-Torres and Fairhurst (2000). The LDP, which
presents the radial displacement that occurring along the
axis of an unsupported tunnel, is generally evaluated by
monitoring data in site or by 3D numerical simulations
(e.g. Panet and Guenot, 1982; Tonon and Amadei, 2002).
The SCC, which describes the relationship between the
inner pressure carried by supports and the radial displace-
ment at tunnel wall, allow one to take different types of
supports, pre-released displacement before supporting
and other support-related characteristics into account,
(e.g. Oreste, 2003; Graziani et al., 2005).

The GRC, which describes the relationship between the
decreasing of inner pressure and the increasing of radial
displacement of tunnel wall, is generally evaluated by the-
oretical methods, such as analytical or semi-analytical
elasto-plastic analyses based on axial symmetry plane
strain assumption. These available methods, although dis-
tinguished from different failure criterions and different
post-failure behaviors, can be generally divided into two
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categories according to their treatments for plastic strain.
One is the simplified method in terms of total plastic strain,
and is represented by Brown et al. (1983), Oreste and Peila
(1996), Jiang et al. (2001) and others. The other is the rig-
orous method in terms of incremental plastic strain, and is
represented by Detournay (1986), Carranza-Torres and
Fairhurst (1999), Alonso et al. (2003) and others.

However, the discrepancy between these two categories
of method has not been reported yet. In this paper, there-
fore, given that rock mass satisfies the Mohr—Coulomb fail-
ure criterion and exhibits strain-softening behavior, these
two categories of theoretical methods are derived respec-
tively. For the simplified one, analytical solutions are avail-
able, whereas only semi-analytical solutions can be
obtained for the rigorous one. The significant difference
in theory assumption between them is revealed in this
paper, and the discrepancy between them is highlighted
quantitatively through case studies. Moreover, the applica-
bility of them is also discussed.

2. Problem description

For universality, the rock mass is assumed to exhibit
strain-softening behavior in this paper, which can be
reduced into a perfect elasto-plastic one or an elasto-brittle
one in some special cases (e.g. Jiang, 1993; Hudson and
Harrison, 1997). Although many researchers have reported
that strain-softening materials may experience instability
and bifurcation during an unloading process (e.g. Hill,
1950; Varas et al., 2005), this paper restricts the discussion
to its stable (or basic) solutions.

Generally, the rock mass exhibiting strain-softening
behavior is characterized by a transitional failure criterion
floi;,n) and a plastic potential g(o;,%). # is a softening
parameter controlling the gradual transition from a peak
failure criterion (or potential) to a residual one. In this
paper, the rock mass is assumed to satisfy the linear
Mohr—Coulomb criterion and linear plastic potential. As
for the softening parameter, it can be defined in different
ways, but so far there has not been a common accepted
one among researchers. In this paper, the major principal
plastic strain &} is employed as the softening parameter,
because it is relatively simple and can be obtained easily
from the results of uniaxial compression tests (schemati-
cally represented in Fig. 1). Therefore, the failure criterion
f and the plastic potential g can be formulated as follows
according to uniaxial compression tests.
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Here, K, is the passive coeflicient, and remains un-
changed within the complete plastic region. o, is the com-
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Fig. 1. Strain-softening behaviors of rock sample in uniaxial compression
tests.

pression strength, and transits gradually from ¢! to o2,
according to the evolution of the major principal plastic
strain &]. K, is the dilation factor, and equals to K}p
and be for softening region and residual region,
respectively.

The excavation of a long deep tunnel with circular cross
section under a hydrostatic in situ stress condition can be
considered as an axial symmetry plane strain problem,
while neglecting the influence of gravity, and restricting
the out-of-plane principal stress as intermediate stress.
The basic assumptions are the same with the conventional
CCM presented in aforementioned papers., the geome-
chanics sign convention (i.e. compression and contraction
are taken as positive) is used in this paper, and the radial
displacement towards tunnel axis is taken as positive
consequently.

After tunnel excavation, the surrounding rock mass will
experience elastic, softening and residual regions sequen-
tially, according to different fictitious inner pressure
provided by the tunnel face and the support. For universal-
ity, Fig. 2 schematically represents a universal case in the
presence of three regions. In Fig. 2, P, is the hydrostatic
in situ stress; P; is the fictitious inner pressure; R,, R; and
R., are the radii of the tunnel opening, the softening—
residual (S-R) interface and the elastic—softening (E-S)
interface, respectively. The objective is to evaluate the
stress and displacement redistributions (or namely ground
responses) after excavation, which is presented in next
section.

interface
AN
E-S

interface

infinite
=] |
residual softening elastic
region region region

Fig. 2. Schematic representation of the rock mass states after excavation.
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3. Ground responses analyses
3.1. Analyses in elastic region

The elastic solution for the excavation of cylindrical cav-
ities in a hydrostatic ally loaded medium is given by Lame’s
solution (e.g. Timoshenko and Goodier, 1970). It applies to
the elastic region of this problem (where r > R, in Fig. 2),
and the stresses and displacement distributions in this
region can be expressed as
2 2

R R
gr:PO—(PO—Gre)Tg, 69:P0+(P0—6re)7§ (3)
(Po — Ure) R? (PO - are) R’
i T R e T @
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Here, o, and oy are the stresses in radial and tangential
directions; ¢. and &y are the strains in radial and tangential
directions; u is the radial displacement, the unique degree
of spatial freedom in this problem. G is the shear modulus
of rock mass, and o, denotes the radial stress at the E-S
interface.

On the other hand, the radial and tangential stresses at
the E-S interface (r= R.) should verify the Mohr-
Coulomb criterion Eq. (1) exactly, which leads to:
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Animportant feature of this solution is that the stresses at the
E-S interface are known constants and independent of the
interface position. Similarly, the strains at this interface have
the same feature as shown in Eq. (7). This position-indepen-
dent feature forms the basis of affine transformation, which
will simplify the analyses in plastic region significantly
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3.2. Analyses in plastic region

3.2.1. Affine transformation

An affine transformation proposed by Detournay (1986)
is introduced first, which simplifies the analyses in plastic
region significantly. Since the states at the E-S interface
are known constant and position-independent, R, can serve
as a minified scale to map the physical plane into a unit
plane, by the affine transformation formulated as Eq. (8).
Correspondingly, all the mechanical variables such as
stress, strain and displacement in the physical plane can also
be normalized into their dimensionless counterparts in the
unit plane (denoted by tilde mark), according to Egs. (9)

p== (8)
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Fig. 3. Schematic representation of the plastic region in the unit plane.
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Fig. 3 schematically illustrates the plastic region in the unit
plane, corresponding to its counterpart shown in Fig. 2. In
Fig. 3, p., ps and 1 are the radii of the tunnel wall, the
softening-residual (S-R) interface and the elastic-softening
(E-S) interface in the unit plane, respectively. ;. is the
normalized radial stress at E-S interface, and P; is the
normalized inner pressure at tunnel wall.

In addition, the partial derivatives of all mechanical
variables with respect to r and R, are evaluated with the
following operators:

d()
Cdp (10)

Meanwhile, the normalized states at the E-S interface
(p=1) are greatly simplified into constants as follows.
They serve as the boundary conditions for further analyses
in the softening region

6r(1):&re (111)
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a(l) =@t = 1 (11.3)

Similarly, the failure criterion and the plastic potential
are also transformed and simplified in terms of normalized
mechanical variables. Notice that the major and minor
stresses (or strains) correspond to the tangential and radial
stresses (or strains) in this problem
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3.2.2. Plastic analyses in terms of total plastic strain

The analyses in terms of total plastic strain assume that
the total plastic strains consist of a constant elastic part
and an increasing plastic part, as formulated by Eq. (14).
The relationship between the tangential and radial plastic
strains can be obtained from plastic potential and flow rule,
as formulated by Eq. (15). Actually, these two equations
can be obtained directly from stress—strain relationship
shown in Fig. 1. The displacement-strain relationship is
rather simple by virtue of axial symmetry and is formulated
by Eq. (16)

B = e + B, Bp =g+ 8 (14)

& = K& (15)
diz u

fr=—), Bg=-— 16
& 0= (16)

The association of these three equations leads to the dis-
placement compatibility equation in the softening region:

f+1<;%:gm+1<¢896:1<;—1 (17)

Solving the differential equation with its boundary condi-
tion G(1) = 1, the distribution of the normalized displace-
ment in this region can be expressed as Eq. (18), and
further, the normalized tangential plastic strain as Eq. (19)
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Notice that the normalized tangential plastic strain, serving
as the softening parameter in this paper, should equal to «
at the SR interface (p = ps). Therefore, an interesting and
important feature comes out that p (i.e. the ratio of Ry to
R.) is a constant that depends only on the properties of
rock mass itself

2 K&ﬁl
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On the other hand, the stress states in the softening region
should satisfy the Mohr—Coulomb failure criterion Eq.
(12), and meanwhile verify the equilibrium condition for-
mulated by Eq. (21)

dé, & — &y
dp p
Associating these two equations with the softening param-

eter &) obtained from Eq. (19), the equilibrium equation in
the softening region can be derived as
6, 6l43° G

do,

l1-K = —— 22
R (22)
where &0 = 2(6} — &2)/(2K), + «). Solving the differential
equation with its boundary condition of &,(1) = &y, the

~0 (21)
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distribution of the normalized radial stress in the softening
region can be expressed as
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Since that py is a constant only depending on the properties
of rock mass, while substituting p, for p in the above solu-
tions, the normalized states at the S-R interface (e.g.
G, &5, 1) also come out as constants, just as their counter-
parts at the E-S interface. They serve as important bound-
ary conditions for further analyses in residual region.

The analyses in residual region are similar to those in
softening region. The displacement compatibility equation
and the equilibrium equation are formulated as follows,
similar to their counterparts referring to as Egs. (18) and
(22)

da i .
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Solving these governing equations with their boundary
conditions at the S-R interface, ie. #(p,) =5 and
a:(p,) = 615, the normalized displacement and stress distri-
butions in the residual region can be expressed as

c e C pl+K§/ .
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where Co = K3, (1 + o) — (1 +0K}).

On the occasion of 6, < P; < 6y, the softening region
will occur in the surrounding rock mass (i.e. ps < p, <1),
and p, can be calculated out in such away that set g, equal
to P; in Eq. (23). On the occasion of 0 < P; < &y, both the
softening region and the residual regions will occur (i.e.
pa < ps), and p, can be calculated out in such a way that
set 6, equal to P; in Eq. (27). After p, is determined, the
minified scale R, can also be determined by R.= R,/p..
Then all mechanical states in the physical plane can be
evaluated by inverse affine transformation from their coun-
terparts in the unit plane.

3.2.3. Plastic analyses in terms of incremental plastic strain

Based on the incremental theory of plasticity, any prob-
lem in plasticity first requires a definition of loading path,
so that the rates of all mechanical variables can be evalu-
ated by their first-order derivatives with respect to the load-
ing. As for this problem, the loading path refers to as a
monotonic decrease of P; corresponding to the advancing
of tunnel face, which to a turn leads to a monotonic
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increase of R.. Therefore, the rates of all mechanical vari-
ables can be evaluated equivalently by their first-order
derivatives with respect to R., rather than P;.

The plastic analyses in terms of incremental plastic
strain presented below are followed with Carranza-Torres
and Fairhurst (1999) and Alonso et al. (2003). It is assumed
that the total strain rate consists of both an elastic part and
a plastic part, which are controlled by Hooke’s law and the
potential flow rule respectively, as formulated by Egs. (28)—
(30). The relationship between the strain rate and the defor-
mation velocity is rather simple by virtue of axial symmetry
and is formulated by Eq. (31).

b= H A, by =i+ (28)
1—v \ 1—v \
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Here, v is the Poisson ratio of rock mass, and the rates of
all mechanical variables (denoted by dot mark) refer to
as their first-order derivatives with respect to R.. Associat-
ing these four equations, eliminating the scalar A, the dis-
placement compatibility equation in the physical plane
can be expressed as

%Jr gi(l—v—vK.,,)di(vK.,,—Kl/,—i—v)
o 'y 26 ' 2G
An additional condition is the consistency equation, which

implies that the material remains in the plastic state once
this state has been achieved.
of  of | 9of

BT AP 33
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Applying the affine transformation to the above two equa-
tions (expressed in partial derivatives), the displacement
compatibility equation and the consistency equation in
the unit plane (expressed in ordinary derivatives) can be ex-
pressed as Egs. (34) and (35).

On the other hand, associating the Mohr—Coulomb
failure criterion Eq. (12) and the equilibrium condition
Eq. (21), the equilibrium equation can be expressed as:
da, o: O
dp + (1 -K,) P (36)
with its boundary condition 6,(1) = 6.

The displacement compatibility equation and the equi-
librium equation (together with the failure criterion and
the consistency equation) are simultaneous, and can only
be solved by numerical method (say the fourth Runge—
Kutta method). From their initial states at the E-S inter-
face (known as constants), one can evaluate their states
at the sequential positions iteratively, and stop the iteration
when o, = P;. Then the current position is recorded as p,,
and the minified scale can be determined by R.= R./p..
Finally, all mechanical states recorded in the unit plane
are transformed inversely into their counterparts in the
physical plane.

4. Discussions on two categories of theoretical methods

4.1. The discrepancy between two categories of theoretical
methods

Both of these two theoretical methods presented above
are implemented by VB programming. Then a representa-
tive case is studied by these two methods, to illustrate the
discrepancy between them. The properties of rock mass
employed in this case are listed in the first line of Table 1,
the radius of tunnel opening R, and the inner pressure P;
are set to 5 m and 0 MPa. To validate these two theoretical
methods, the representative case is studied identically by
numerical simulations (code: FLAC>P), with its necessary
parameters listed in the second row of Table 1. The
strain-softening constitutive laws in FLAC>® are character-
ized by friction angle ¢, cohesion ¢, dilation angle i and a
softening parameter #, former three of which may be any
functions of softening parameter # (in tabulated form). It
is obvious that friction angle, cohesion and dilation angle

d’i du 1 u do, can be obtained directly from passive coefficient, compres-
—+Ky———Ky—==(1—-v—1K,) . o . L
dp? dp p p? dp sion strength and dilation factor, as following relations:
day 1+sin¢
— Ky =Ky +v)—— (34) g,=—""< 37.1
~ dp P 1 —sin¢g (37.1)
w1~th its boufldary cond1f1ons a(l)y=1u(l) =&. = —1. 0. = 2c\/K, (37.2)
of do, df da, 0Of dé} 1+ siny
= —+—+=—=0 35 Ky=—7"— 37.3
oG, dp + 06y + Op &) dp (35) YT 1—siny (37.3)
Table 1
Rock mass properties employed in a representative case
Theoretical methods
G (MPa) v K, sl, 62 (MPa) Ky, K, o P, (MPa)
400 0.25 3 53 2.5,1.5 0.5 10
Numerical simulations
G (MPa) K (MPa) ¢ () ¢!, ¢ (MPa) vt ) Tres Py (MPa)
400 667 30 1.443, 0.866 254, 1.5 0.0078 10
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However, the softening parameter 5 in FLAC® is defined
as: (Itasca, 1997)
1 -

on = 7 \/(58? — 0eh)” + (9eB)” + (98 — o)’
where d¢P = (de} 4 0¢5)/3. Corresponding to this case, the
shift point of softening parameter in FLAC>" that distin-
guishes residual region from softening region can be evalu-
ated by:

_ €0e 142 142 142
Nyos = 76 \/(2oc +oK,)" + (o« —oK,)" + (¢ + 20K,

(38.1)

(38.2)

The stress and displacement distributions in the sur-
rounding rock mass that are calculated by two theoretical
methods (denoted by the solid and dashed lines) are

A

o 204
B | Residual Region  Softening Region Elastic Region
T
R(r
Rigorous semi-analytical method
4/ | Simplified analytical method
w26 X Numerical simulations (FLAC3p)
R, (B-0,) Y

Fig. 4. The stress and displacement distributions in the surrounding rock
mass.

(a)

U()
o,o,,0=0
2P, e, 0, 0)
B flo ,o,, ®=0
A:p=inf o=P,
B:p=1 o=0,
Cp=p, =0,
} A
(/1) ‘ D:p=p,, 0=
Ic | Pip=p, o=P,
< D
"o q, P, 2k

depicted in Fig. 4. The results from the numerical simula-
tions (denoted by the cross marks) are also depicted in this
figure. For the most part, the stress distributions calculated
by these two methods fit each other exactly, and the convex
point and the concave point on the a4/Py curve denote the
positions of the E-S and the S-R interfaces in this case.
However, there exists a considerable discrepancy between
these two methods in depicting the displacement distribu-
tion of the plastic region. The results from the numerical
simulations, indubitably, fit the rigorous semi-analytical
method but not the simplified one. The significant differ-
ence between these two methods lies in the different
assumptions on the displacement compatibility equation,
as referred to Eqs. (14) and (28), i.e. whether or not to take
the unloading process into account in displacement calcula-
tion. The difference is elucidated schematically in Fig. 5.

In Fig. Sa, the fixed points B and C denote the stress
states at the E-S and S—-R interfaces, which are constants
and independent of their positions. Stress states in line BC
and line CD are governed by the stress governing equations,
referring to Eqs. (22), (25) in the simplified method and Eq.
(36) in the rigorous one. The moving point P represents the
stress state at tunnel wall, which moves along the path of
ABCD, corresponding to the decreasing of inner pressure.
Therefore, sthe bold line from A to P represents the stress
states in the surrounding rock mass after excavation.

Fig. 5b illustrates the evolution of the plastic region with
the decreasing of P;, which corresponds to the advancing of
the tunnel face. In order to evaluate the displacement distri-
bution at the current stage (say the ¢th stage where P; = Pf’) ),
the rigorous method evaluates the displacement distribution
iteratively from the nth stage where P; = o, to the current
stage, according to the displacement compatibility equa-
tion Eq. (34). The simplified method, on the contrary,
does not take the influence of the unloading process into
account and evaluates the displacement distribution

(b)
Stage 0™ Stage n™ Stage m™
P=P, P=o, P=0
% CLLLC
tunnel
SN N hyqssionol N [ A
face centerline
ZL CLOLLCLLL
Stage 1™
i== pP=P"
residual softening elastic
region region region

Fig. 5. (a) Stress states in the surrounding rock mass after excavation and (b) evolution of the plastic region according to the unloading process.
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directly, according to the current inner pressure Pim and the
displacement compatibility equations Egs. (17) and (24).

The simplified method based on total plastic strain was
particularly represented by Brown et al. (with Hoek—
Brown failure criterion, 1983) and Jiang (with Mohr—
Coulomb failure criterion, 1993). The rigorous method
based on incremental plastic strain was particularly
represented by Detournay (with Mohr—-Coulomb failure
criterion, 1986) and Carranza-Torres and Fairhurst (with
Hoek-Brown failure criterion, 1999). However, the
discrepancy between them has never been noticed and
reported. The following discussion estimates the error
caused by the simplified one.

4.2. Parameter studies and discussions

Taking the illustrative case presented above as the basic
case, changing the mechanical properties of rock mass,
some derivative cases are studied in this section for two
purposes: to illustrate the influence of rock mass properties
on the ground reaction and to estimate the error of the sim-
plified method in displacement calculation. First, the error
of the simplified method in the tunnel convergence calcula-
tion is defined as:

(rig) __ u(sim)

J— a a
err = 7@@) (38)

where 4" and »{™ are the tunnel convergences (namely

the released displacements at tunnel wall) evaluated by the
rigorous and the simplified methods. Apparently, The error
will reach its maximum err,,,, on the occasion of P; = 0.
Three groups of derivative cases with different K ,, o} (2)
and K, (K}) are studied by the two theoretical methods,
and their ground reaction curves are depicted in Figs.
6-8. Both of these two theoretical methods show the same
tendency that the strength characters of rock mass, K, and

1

6l(a?), influence the range of the plastic region signifi-

cantly, which in turn influence the tunnel convergence dra-

0.8 4
L Rigorous semi-analytical solutions
R 1 | Simplified analytical solutions

0.6

K 3.0 2.5 2.0 1.5

P

err, 30% 30% 30% 30%

nax

04|

0.0 - \\l T “I*n,x T T 1
0 10 20 30 40 50 60
u, 2G

R, (K~0o,)

Fig. 6. The influence of K, on GRC.

0.6 1
£
K Rigorous semi-analytical solutions
054t | 0 Simplified analytical solutions
0.4+
o' o’ (MPa) 25,15 50,30 7545
0.3 1
err, 35%  30%  24%
0.2 1
0.1
0.0 1
0 20
u, 2G
R, (B-o0,)
Fig. 7. The influence of ¢!, on GRC.
0.5
£
h Rigorous semi-analytical solutions
———————— Simplified analytical solutions
0.4+
0.3 1
KK’ 30,20 2515 20,10
err, 34% 30% 25%
0.2
0.1
0.0 T 1
0 1 8
u, 2G
R, (F-0o,)

Fig. 8. The influence of K.L,Ki on GRC.

matically, as illustrated in Figs. 6 and 7. On the contrary,
the dilation factor of rock mass K ;(K?p) does not influence
the range of the plastic region, but also influences the tun-
nel convergence to some extent, as illustrated in Fig. 8.
While focusing on the error of the simplified method in dis-
placement calculation, it will increase monotonically with

the decreasing of ¢}(0?) and the increasing of K (Kj),

(4
but seems independent of K,,. According to parameter stud-
ies, the errp,,, caused by the simplified method is estimated

to range from 20% to 40% on common conditions.
5. Conclusions
Ground reaction analyses for the conventional tunnel-

ling excavation have been discussed by numerous research-
ers, with different rock mass constitutive laws, different
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excavation conditions and different approaches. Particu-
larly, based on the axial symmetrical plane strain assump-
tion, the analytical (or semi-analytical) ground reaction
analyses attracted most attentions, because it serves as
one of the three basic components in the convergence con-
finement method and play an important role in the design
of tunnel support system. The available methods, although
distinguished from different constitutive laws, can be gener-
ally divided into two categories according to their treat-
ments for the plastic strain. One is the simplified method
in terms of total plastic strain, and the other is the rigorous
method in terms of incremental plastic strain.

Based on the rationales proposed by former researchers,
given that the rock mass satisfies the Mohr—Coulomb fail-
ure criterion and exhibits strain-softening behaviors, these
two categories of theoretical methods are derived respec-
tively in this paper. The significant difference between them
lies in the different assumptions on the displacement com-
patibility equation in terms of total or incremental plastic
strain, in other words, whether or not to consider the
unloading process in displacement calculation. Through
an illustrative case, it is revealed that although the stress
distributions evaluated by these two methods fit each other
well, there exists a considerable discrepancy between them
in depicting the displacement distribution of plastic region.
It is indubitable that the rigorous semi-analytical method
reflects the nature of tunnel excavation more realistically,
and the simplified one underestimates the displacement
released in the plastic region of the surrounding rock mass.

The simplified method can only be used in predicting the
range of plastic region and the stress distribution in sur-
rounding rock mass, but is estimated to have an error in
evaluating the tunnel convergence, which ranges from
20% to 40% on common conditions.
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